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Abstract
A graph G is called a cactus if each block of G is either an edge or a cycle. Denote by
Cact(n; t) the set of connected cacti possessing n vertices and t cycles. In this paper, we show
that there are some errors in [J. Du, G. Su, J. Tu, I. Gutman, The degree resistance distance of
cacti, Discrete Appl. Math. 188 (2015) 16-24.], and we present some results which correct their
mistakes. We also give the second-minimum and third-minimum degree resistance distances
among graphs in Cact(n; t), and characterize the corresponding extremal graphs as well.
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1 Introduction
The graphs considered in this paper are finite, loopless, and contain no multiple edges. Given a
graph G, let V (G) and E(G) be, respectively, its vertex and edge sets. The ordinary distance
d(u, v) = dG(u, v) between the vertices u and v of the graph G is the length of the shortest path
between u and v [1]. For other undefined notations and terminology from graph theory, the readers
are referred to [1].
The Wiener index W (G)is the sum of ordinary distances between all pairs of vertices, that is,
W (G) =
∑
{u,v}⊆V (G) d(u, v). It is the oldest and one of the most thoroughly studied distance-
based graph invariant. A modified version of the Wiener index is the degree distance defined as
D(G) =
∑
{u,v}⊆V (G)[d(u) + d(v)]d(u, v), where d(u) = dG(u) is the degree of the vertex u of the
graph G.
In 1993, Klein and Randic´ [2] introduced a new distance function named resistance distance,
based on the theory of electrical networks. They viewed G as an electric network N by replacing
each edge of G with a unit resistor. The resistance distance between the vertices u and v of the
graph G, denoted by R(u, v), is then defined to be the effective resistance between the nodes u and
∗Corresponding author. Tel:+86-551-63861313. E-mail:liujiabaoad@163.com(J.Liu), Ric-
ciawang@163.com(W.Wang), ymzhang625@163.com(Y.Zhang), xfpan@ahu.edu.cn(X.Pan).
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v in N . If the ordinary distance is replaced by resistance distance in the expression for the Wiener
index, one arrives at the Kirchhoff index [2, 3]
Kf(G) =
∑
{u,v}⊆V (G)
R(u, v)
which has been widely studied [4, 5, 6, 7, 8, 9, 10]. In 1996, Gutman and Mohar [11] obtained the
famous result by which a relationship is established between the Kirchhoff index and the Laplacian
spectrum: Kf(G) = n
∑n−1
i=1
1
µi
, where µ1 ≥ µ2 ≥ · · · ≥ µn = 0 are the eigenvalues of the Laplacian
matrix of a connected graph G with n vertices. For more details on the Laplacian matrix, the
readers are referred to [12, 13]. Bapat et al. has provided a simple method for computing the
resistance distance in [14]. Palacios [15, 16, 17, 18, 19, 20] studied the resistance distance and the
Kirchhoff indices of connected undirected graphs with probability methods. E. Bendito et al. [21]
formulated the Kirchhoff index based on discrete potential theory. M. Bianchi et al. obtained the
upper and lower bounds for the Kirchhoff indexKf(G) of an arbitrary simple connected graph G by
using a majorization technique [31]. Besides, the Kirchhoff indices of some lattices are investigated
in [23, 24, 25, 26, 27]. Similarly, if the ordinary distance is replaced by resistance distance in the
expression for the degree distance, then one arrives at the degree resistance distance
DR(G) =
∑
{u,v}⊆V (G)
[d(u) + d(v)]R(u, v).
Palacios [28] named the same graph invariant additive degree-Kirchhoff index.
Tomescu [29] determined the unicyclic and bicyclic graphs with minimum degree distance.
In [30], the author investigated the properties of connected graphs having minimum degree distance.
Bianchi et al. [31] gave some upper and lower bounds for DR whose expressions do not depend on
the resistance distances. Yang and Klein gave formulae for the degree resistance distance of the
subdivisions and triangulations of graphs [32]. For more work on Kf(G), the readers are referred
to [33, 34, 35, 36, 37, 38].
A graph G is called a cactus if each block of G is either an edge or a cycle. Denote by Cact(n; t)
the set of cacti possessing n vertices and t cycles [39, 40]. In this paper, we determine the minimum
degree resistance distance among graphs in Cact(n; t) and characterize the corresponding extremal
graphs.
2 Preliminaries
Let RG(u, v) denote the resistance distance between u andv in the graph G. Recall that RG(u, v) =
RG(v, u) and RG(u, v) ≥ 0 with equality if and only if u = v.
For a vertex u in G,we define
Kfv(G) =
∑
u∈G
RG(u, v) and Dv(G) =
∑
u∈G
dG(u)RG(u, v).
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In what follows, for the sake of conciseness, instead of u ∈ V (G) we write u ∈ G. By the definition
of Dv(G), we also have
DR(G) =
∑
v∈G
dG(v)
∑
u∈G
RG(u, v).
Lemma 2.1 ([6]). Let G be a connected graph with a cut-vertex v such that G1 and G2 are two
connected subgraphs of G having v as the only common vertex and V (G1) ∪ V (G2) = V (G).
Let n1 = |V (G1)| , n2 = |V (G2)|, m1 = |E(G1)|, m2 = |E(G2)|. Then
DR(G) = DR(G1) +DR(G2) + 2m2Kfv(G1) + 2m1Kfv(G2) + (n2 − 1)Dv(G1) + (n1 − 1)Dv(G2).
Definition 2.1 ([3]). Let v be a vertex of degree p+1 in a graph G, such that vv1, vv2, . . . , vvp are
pendent edges incident with v, and u is the neighbor of v distinct from v1, v2, . . . , vp. We form a
graph G
′
= σ(G, v) by deleting the edges vv1, vv2, . . . , vvp and adding new edges uv1, uv2, . . . , uvp.
We say that G
′
is a σ-transform of the graph G.
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Fig. 1. The -transformation at
Similarly, if the ordinary distance is replaced by resistance distance in the expression for the degree distance, then one
arrives at the degree resistance distance 14]:
,v}⊆
(v) , v).
Palacios [17] named the same graph invariant ‘‘additive degree–Kirchhoff index’’.
In [14] some properties of are determined and the unicyclic graphswithminimum and the secondminimum -value
characterized. Bianchi et al. [ ] gave someupper and lower bounds for whose expressions do not depend on the resistance
distances. Yang and Klein [29] gave formulae for the degree resistance distance of the subdivisions and triangulations of
graphs.
A cactus is a connected graph in which any two simple cycles have at most one vertex in common. Equivalently, every
edge in such a graph belongs to at most one simple cycle. Denote by Cact the set of cacti possessing vertices and
cycles. If Cact , then | = 1. In this paper, we determine the minimum degree resistance distance
among graphs in Cact and characterize the corresponding extremal graphs.
2. Preliminaries
Let , v) denote the resistance distance between and in the graph . Recall that [16 , v) (v, and
, v) 0 with equality if and only if
For a vertex in , we define
Kf , v) and , v).
In the above formulas and in what follows, for the sake of conciseness, instead of we write
By the definition of , we also have
(v) , v).
Lemma 1 16 Let G be a graph, x be a cut vertex of G and let u, v be vertices belonging to different components which arise
upon deletion of x. Then R , v) , v)
Lemma 2 14 Let G be a connected graph with a cut-vertex such that G and G are two connected subgraphs of G having
as the only common vertex and V . Let n = | , n = | , m = | , m = | . Then
Kf Kf ).
Let be a vertex of degree 1 in a graph , such that vv , vv , . . . , vv are pendent edges incident with , and is
the neighbor of distinct from , v , . . . , v . We form a graph σ( , v) by deleting the edges vv , vv , . . . , vv and
adding new edges , . . . , . We say that is a -transform of (see Fig. 1).
Lemma 3 14 Let G σ( , v) be a -transform of the graph G, d . Then D . Equality holds if and only
if G is a star with as its center.
Let be the graph obtained from the graph by deleting its vertex and all edges incident to
Lemma 4. Let u be a vertex of G such that there are p pendent vertices u , . . . , attached to u. Let be another vertex of
G such that there are q pendent vertices , v , . . . , v attached to . Let
− {vv , vv , . . . , vv } + { , . . . ,
and
− {uu uu , . . . , uu } + { , v , . . . , v
Then either D ) > or D ) >
The σ -transform at v
Lemma 2.2 ([6]). Let G
′
= σ(G, v) be a σ -transform of the graph G, dG(u) ≥ 1. Then DR(G) ≥
DR(G
′
). Equality holds if and only if G is a star with v as its center.
Lemma 2.3 ([6]). Let Ck be the cycle of size k, and v ∈ Ck. Then, Kf(Ck) =
k3−k
12 ,DR(Ck) =
k3−k
3 ,Kfv(Ck) =
k2−1
6 and Dv(Ck) =
k2−1
3 .
Definition 2.2 ([3]). L t G ∈ C ct(n; t), t ≥ 2. A cycle C of G is said to be an end cycle if there
is a unique vertex v in C which is adjacent to a vertex in V (G) \ V (C). This unique vertex v in C
is called the anchor of C.
Lemm 2.4 ([3]). Let G ∈ Cac (n; t), t ≥ 2, be a cactus without cut edges. Let C be an end
cycle of G and v be its anchor. Let u be a vertex of C different from v. The graphs G1 and G2 are
constructed by adding r pendent edges to the vertices u and v, respectively. Then GR(G1) > GR(G2).
3
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Fig. 4. The construction of graphs and in Lemma 9
(v) , v)
(v)
So we get
][ (v, ] + 10 (v)
and in a fully analogous manner:
][ (v, ] + 10 (v)
If 0, then
][ (v, ] + (v)] ≤ − 10 ).
Now,
][ (v, ] − (v)
10 10 10 ) >
Thus, either ) > or ) > , which completes the proof.
Definition 1. Let Cact ), 2. A cycle of is said to be an end cycle if there is a unique vertex in which is
adjacent to a vertex in . This unique vertex in is called the anchor of
Lemma 9. Let G Cact ), , be a cactus without cut edges. Let C be an end cycle of G and be its anchor. Let u be a
vertex of C different from . The graphs G and G are constructed by adding r pendent edges to the vertices u and , respectively
(see Fig. ). Then D ) >
Proof. We first note that | = | | = and | = | | = | | +
Let be the spanning subgraph of with vertex set . Let and be, respectively, the spanning subgraphs
of and with vertex sets ∪ { and ∪ { . It is easy to see that . Then by
Lemma 2
r Kf Kf r D
and
r Kf Kf r D
which combined yields
Kf Kf ] +
, v) , v)
, v) , v)
3 Some errors in [3] and corrections
In [3], J. Du, G. Su, J. Tu, I. Gutman proved that G0(n; t) is the unique element of Cact(n; t),
t ≥ 1, having minimum degree resistance distance. Unfortunately, there are some computational
errors in the process of the proof. We shall list the errors in [3] as Errors 3.1, 3.2 below.350 H.Wang, H.Hua and D.Wang
.......
.........
︷ ︸︸ ︷
︸ ︷︷ ︸
t times
(n− 2t− 1) times
G0(n, t)
Figure 2.
Now, we are in a position to state and prove our main results of this paper.
Theorem 1. Among ll graphs in Cat n, t with 13 and n, t is the
unique graph having the minimum Kirchhoff index.
Pro f Let min be the graph in Cat n, t) with the minimal Kirchhoff index. Our
goal is to prove that min n, t).
By contradiction. Suppose to the contrary that min n, t).
We first assume that min has no cut-edges. From Lemma 3, all cycles in min
must share exactly one common vertex, say
∗∗
Figure 3.
By Operation II we mean the graph transformation from to ∗∗
We first prove the following assertion.
Assertion 1. Let and ∗∗ be two graphs as depicted in Fig.3., then Kf
Kf ∗∗
Proof From Lemma 2 we obtain
Kf ) = Kf ) + Kf ) + ( 1)Kf ) + ( | − 1)Kf
Kf ∗∗) = Kf ) + Kf ) + ( 1)Kf ) + ( | − 1)Kf
Error 3.1 (Lemma 7 in [3])
DR(Ch)−DR(S) =
h2−8h+3
3 and |V (H)| − 1 = n− h− 1.
Counterexample 1
If h = 4, according to the Lemma 7 in [3], the result is −133 and n − 5. In fact, the correct
result is −103 and n− 4, which arrives at a contradiction.
Correction of Lemma 7 in [3]
Let G = (V,E) be a graph b longing to Cact(n; t), t ≥ 3. Let Ch be a cycle with h ≥ 4 vertices,
contained in G. Let there be a unique vertex u in Ch which is adjacent to a vertex in V (G) \V (C).
Assuming that uv, vw ∈ E(C), construct a new graph G∗ = G− vw+uw as shown in the following
figure. Then, DR(G) > DR(G
∗).
4
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Fig. 3. The construction of the graph
Then
Kf Kf ] +
, v) ] + , v)
Since is not a pendent edge, 3, 2, 2, and 1. Thus ) > 0, i.e., is a graph with smaller
-value than , a contradiction.
Lemma 7. Let G be a graph belonging to Cact ), . Let C be a cycle with h vertices, contained in G. Let
there be a unique vertex u in C which is adjacent to a vertex in V . Assuming that uv, vw , construct a new
graph G vw as shown in Fig. . Then, D ) >
Proof. Let be the graph obtained by attaching to the vertex of the pendent vertex . From Lemma 2 it then follows,
Kf hKf | −
and
Kf hKf | − ).
Both and belong to Cact , which implies | = | | = 1. From 3 and 4 it follows that
8. Therefore
Kf Kf ] +
by Lemma 5
11
18 11
by ).
If 4, then 12 0. If 5, then 19 0. If 6, then
18 0.
This completes the proof.
Lemma 8. Let G be a cactus graph. Let C ua u (i , . . . , s) be cycles of size , attached at a common vertex u. In
addition, let C (j , . . . , h) be cycles of size , attached at a common vertex . Suppose C and C are vertex-
disjoint for all i , . . . , s, j , . . . , h. Construct two new graphs
} + uf
and
ua } +
Then either D ) > or D ) >
Let S be the graph obtained by attaching to the vertex u of Ch−1 the pendent vertex v.
DR(Ch)−DR(S) =
h2−8h+6
3 and |V (H)| − 1 = n− h.
Using Lemma 1, we have
DR(G) = DR(Ch)+DR(H)+2|E(H)|Kfu(Ch)+2hKfu(H)+(|V (H)−1|)Du(Ch)+(h−1)Du(H),
DR(G
∗) = DR(S) +DR(H) + 2|E(H)|Kfu(S) + 2hKfu(H) + (|V (H)− 1|)Du(S) + (h− 1)Du(H).
Then
DR(G) −DR(G
∗)
= DR(Ch)−DR(S) + 2(n + t− 1− h)[Kfu(Ch)−Kfu(S)] + (n− h)[Du(Ch)−Du(S)]
=
h2 − 8h+ 6
3
+ 2(n + t− 1− h)
2h − 7
6
+ (n− h)
2h − 4
3
=
h2 − 8h+ 6
3
+ (n− 1− h)
4h− 11
3
+ t
2h− 7
3
+
2h− 4
3
≥
h2 − 19
3
+ (n− 1− h)
4h − 11
3
(by t ≥ 3).
If h = 4, then DR(G)−DR(G
∗) ≥ 53n−
28
3 > 0.
If h ≥ 5, then DR(G)−DR(G
∗) > (n− 1− h)4h−113 > 0.
This completes the proof.
Error 3.2 (Theorem 1 in [3])
DR(G
0(n, t)) = −
4
3
t2 − (
8
3
n− 6)t+ 3n2 − 7n+ 4.
C unterexample 2
If n = 5, t = 1, according to the Theorem 1 in [3], the result is 50. In fact, the correct result is
4423 , which also arrives at a contradiction.
Correction of Error 3.2
It is obvious that the D0(n, t) consists of n C3 and an Sn−2t, in which n C3 and an Sn−2t have
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a common vertex v1. Using Lemma 1, we have
DR(G
0(n, t)) = tDR(C3) +DR(Sn−2t) + 2t(n + t− 4)Kfv1(C3) + 6tKfv1(Sn−2t)
+ t(n− 3)Dv1(C3) + 2tDv1(Sn−2t)
= 8t+ (n− 2t)(n− 2t− 1) + 2(n− 2t− 1)(n− 2t− 2) +
8
3
t(n+ t− 4)
+ 6t(n− 2t− 1) +
8
3
t(n− 3) + 2t(n− 2t− 1)
= −
4
3
t2 + (
4
3
n−
14
3
)t+ 3n2 − 7n+ 4.
In the following we shall consider the cacti with the second and the third-minimum degree
resistance distances.
4 The second-minimum degree resistance distance
By Lemmas 2.2, 2.4 and Theorem 7 in [3], one can conclude that G which has the second-minimum
degree resistance distance in Cact(n; t) must be one of the graphs G3, G4, and G5 as shown in the
Figure 1.
352 H.Wang, H.Hua and D.Wang
Proof According to Lemma 2, we obtain
Kf n, t) = Kf vC · · · vC︷︷
t times
) + Kf ) + 2tKf
+( 1)Kf vC · · · vC︷︷
t times
Kf vC · · · vC︷︷
t times
) + ( 1) + 2 1)
1) + 2
Kf vC · · · vC︷︷
t times
) = Kf ) + Kf vC · · · vC︷︷
1) times
+2Kf vC · · · vC︷︷
1) times
) + 2Kf
Kf vC · · · vC︷︷
1) times
) +
16 10
Note that Kf ) = 2. Hence, we obtain Kf vC · · · vC︷︷
t times
) = by an
elementary calculation, and then Kf n, t)) = +2+ nt . Combining
this fact and Theorem 1, we get the desired result.
In the following we shall consider the cacti with the second and the third smallest
Kirchhoff indices.
Suppose first that has the second smallest Kirchhoff index among all elements
of Cat n, t). Evidently, can b changed into n, t) by using exactly one step of
Operation I or II, for otherwise, one can employ one step of Operation I or II on
and obtain a new graph , which is still in Cat n, t) but not isomorphic to n, t),
which gives
Kf > Kf > Kf n, t))
︷ ︸︸ ︷ ︷ ︸︸ ︷
︸ ︷︷ ︸
t t
v1 v1
n− 2t− 2
︸ ︷︷ ︸
n− 2t− 2
︷ ︸︸ ︷
︸ ︷︷ ︸
t
n− 2t− 3
v1
v2
Figure 4.
contradicting our choice of
By the above arguments, one can conclude that must be one of the graphs
, and as shown in Fig. 4.
G3 G4 G5
Figure 1
Theorem 4.1 Among all graphs in Cact(n, t) with n ≥ 7 and t ≥ 1, the cactus with the second-
minimum degree resistance distance is G5.
Proof. (i): Let H1 denote the common subgraph of G3 and G
0(n, t). Thus, we can view graphs
G3 and G
0(n, t) as the graphs depicted in Figure 2.
Cacti with minimum, second-minimum, and third-minimum Kirchhoff indices 353
Theorem 2. Among all graphs in Cat n, t with 13 and , the cactus with
the second-minimum Kirchhoff index is (see Fig. 4).
Proof (i): Let denote the common subgraph of and n, t). Thus, we can
view graphs and n, t) as the graphs depicted in Fig. 5.
H1 H1
n, t
v1 v1
Figure 5.
Using Lemma 2, we have
Kf n, t)) = Kf ) + Kf ) + 2Kf ) + ( 3)Kf
= 4 + Kf ) + 2Kf ) + 2( 3)
Kf ) = Kf ) + Kf ) + 2Kf ) + ( 3)Kf
= 4 + Kf ) + 2Kf ) + 3( 3)
Therefore,
Kf ) = Kf n, t)) + ( 3)
(ii): Let be the common subgraph of and n, t)(see Fig. 6). Here we
also let denote the unique maximum-degree vertex in n, t).
n, t
Figure 6.
In view of Lemma 2,
Kf n, t)) = Kf ) + Kf ) + Kf ) + ( 2)Kf
Kf ) + Kf ) + ( 1)
Kf ) = Kf ) + Kf ) + ( 1)
Kf ) + Kf ) + 4) + ( 1)
G0(n, t) G3
6
Figure 2
Using Lemma 1, we have
DR(G
0(n, t)) = DR(H1)+DR(S3)+4Kfv1(H1)+2(n+t−3)Kfv1(S3)+2Dv1(H1)+(n−3)Dv1(S3),
DR(G3) = DR(H1) +DR(P3) + 4Kfv1(H1) + 2(n + t− 3)Kfv1(P3) + 2Dv1(H1) + (n− 3)Dv1(P3).
Here Kfv1(S3) = 2,Kfv1(P3) = 3,Dv1(S3) = 2,Dv1(P3) = 4.
Therefore,
DR(G3)−DR(G
0(n, t)) = 2(n+ t− 3)(Kfv1(P3)−Kfv1(S3)) + (n− 3)(Dv1(P3)−Dv1(S3))
= 2(n+ t− 2) + 2(n − 3)
= 4n+ 2t− 12.
(ii): Let H2 denote the common subgraph of G3 and G
0(n, t). Thus, we can view graphs G3
and G0(n, t) as the graphs depicted in Figure 3.
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Theorem 2. Among all graphs in Cat n, t with 13 and , the cactus with
the second-minimum Kirchhoff index is (see Fig. 4).
Proof (i): Let denote the common subgraph of and n, t). Thus, we can
view graphs and n, t) as the graphs depicted in Fig. 5.
n, t
Figure 5.
Using Lemma 2, we have
Kf n, t)) = Kf ) + Kf ) + 2Kf ) + ( 3)Kf
= 4 + Kf ) + 2Kf ) + 2( 3)
Kf ) = Kf ) + Kf ) + 2Kf ) + ( 3)Kf
= 4 + Kf ) + 2Kf ) + 3( 3)
Therefore,
Kf ) = Kf n, t)) + ( 3)
(ii): Let be the common subgraph of and n, t)(see Fig. 6). Here we
also let denote the unique maximum-degree vertex in n, t).
H2
v1
n, t
H2
v2
Figure 6.
In view of Lemma 2,
Kf n, t)) = Kf ) + Kf ) + Kf ) + ( 2)Kf
Kf ) + Kf ) + ( 1)
Kf ) = Kf ) + Kf ) + ( 1)
Kf ) + Kf ) + 4) + ( 1)
G0(n, t) G4
Figure 3
Using Lemma 1, we have
DR(G
0(n, t)) = DR(H2)+DR(P2)+2Kfv1(H2)+2(n+ t−2)Kfv1(P2)+Dv1(H2)+(n−2)Dv1(P2),
DR(G4) = DR(H2) +DR(P2) + 2Kfv2(H2) + 2(n + t− 2)Kfv2(P2) +Dv2(H2) + (n − 2)Dv2(P2).
Here
Kfv1(H2) = n−
2
3
t− 2,Kfv2(H2) =
5
3
n−
2
3
t−
14
3
,
Dv1(H2) = n+
2
3
t− 2,Dv2(H2) =
7
3
n+ 2t−
26
3
.
Therefore,
DR(G4)−DR(G
0(n, t)) = 2(Kfv2(H2)−Kfv1(H2)) +Dv2(H2)−Dv1(H2)
= 2(
2
3
n−
8
3
) + (
4
3
n+
4
3
t−
26
3
)
=
8
3
n+
4
3
t− 12.
(iii): Let H2 denote the common subgraph of G5 and G
0(n, t). Thus, we can represent these
graphs as follows in Figure 4.
7
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Therefore,
Kf ) = Kf n, t)) + 4) (1)
(iii): Let 3 be the common subgraph of and n, t)(see Fig. 7).
H3 C4
v1
n, t
Figure 7.
Denote by the graph obtained by attaching one pendant edge to any vertex
of . So,
Kf ) = kf ) + Kf ) + 3Kf ) + ( 4)Kf
Kf n, t)) = Kf ) + Kf ) + 3Kf ) + ( 4)Kf
Recall that Kf ) = 17 , and that Kf ) =
12
= 5, we thus have
Kf Kf n, t)) =
11 4 + 12
12
+ ( 4)(
32
12
Therefore, Kf ) = Kf n, t)) + 2.
By the above expressions obtained for the Kirchhoff indices of and
we immediately have the desired result.
From Theorem 2 we immediately have the following result.
Corollary 2. For a graph , not isomorphic to n, t , in Cat n, t with 13
and , it holds that Kf 17 nt , with equality if and only
if (see Fig.4).
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Therefore,
Kf ) = Kf n, t)) + 4) (1)
(iii): Let be the common subgraph of and n, t)(see Fig. 7).
H3
C3
n, t
v1
Figure 7.
Denote by the graph obtained by attaching one pendant edge to any vertex
of . So,
Kf ) = kf ) + Kf ) + 3Kf ) + ( 4)Kf
Kf n, t)) = Kf ) + Kf ) + 3Kf ) + ( 4)Kf
Recall that Kf ) = 17 , and that Kf ) =
12
= 5, we thus have
Kf Kf n, t)) =
11 4 + 12
12
+ ( 4)(
32
12
Therefore, Kf ) = Kf n, t)) + 2.
By the above expressions obtained for the Kirchhoff indices of and
we immediately have the desired result.
From Theorem 2 we immediately have the following result.
Corollary 2. For a graph , not isomorphic to n, t , in Cat n, t with 13
and , it holds that Kf 17 nt , with equality if and only
if (see Fig.4).
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G0(n, t) G5
Figure 4
Using Lemma 1, we have
DR(G
0(n, t)) = DR(H3)+DR(S
3
4)+8Kfv1(H3)+2(n+t−5)Kfv1(S
3
4)+3Dv1(H3)+(n−4)Dv1(S
3
4),
DR(G5) = DR(H3) +DR(C4) + 8Kfv1(H3) + 2(n+ t− 5)Kfv1(C4) + 3Dv1(H3) + (n− 4)Dv1(C4).
Her DR(C4) =
70
3 ,DR(S
3
4) = 20,Kfv1(C4) =
7
3 ,Kfv1(S
3
4) =
5
2 ,Dv1(C4) =
11
3 ,Dv1(S
3
4) = 5.
Therefore,
DR(G5)−DR(G
0(n, t)) = DR(C4)−DR(S
3
4) + 2(n t− 5)(Kfv1(C4)−Kfv1(S
3
4))
+ (n − 4)(Dv1(C4)−Dv1(S
3
4))
= −
10
3
+
1
3
(n+ t− 5) +
4
3
(n− 4)
=
5
3
n+
t
3
−
31
3
.
By the above expressions for the degree resistance distances of G3, G4 and G5, we immediately
have the desired result.
From Theorem 4.1 we immediately have the foll wing result.
Corollary 4.2 For a graph G, not isomorphic to G0(n, t), in Cact(n, t) with n ≥ 7 and t ≥ 1, it
holds that DR(G) ≥ −
4
3t
2 + (43n−
13
3 )t+ 3n
2 − 163 n−
19
3 , with equality if and only if G
∼= G5.
5 The third-minimum degree resistance distance
By the same reasonings as was used in Theorem 4.1, we conclude that the possible candidates
having the third-minimum degree resistance distance must come from one of G4, G6 −G10.
Theorem 5.1 Among all graphs in Cact(n, t) with n ≥ 25 and t ≥ 1, the cactus with the third-
minimum degree resistance distance is G4.
Proof. By above discussions, we need only to determine the minimum cardinality among DR(G4),
DR(G6), DR(G7), DR(G8), DR(G9) and DR(G10).
8
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By the same reasonings as those used in Theorem 2, we conclude that the possible
candidates having the third smallest Kirchhoff index must come from one graph of
13(see Fig.s 4 and 9).
Theorem 3. Among all graphs in Cat n, t with 13 and , the cactus with
the third-minimum Kirchhoff index is 11 (see Fig. 9).
Proof By above discussions, we need only to determine the minimum cardinality
among Kf ), Kf ), Kf 10), Kf 11) , Kf 12) and Kf 13).
Let be the common subgraph of and 10(see Fig.s 4, 8 and 9). Also,
we let be a subgraph of (see Fig. 8). It is now reduced to
Kf ) = Kf ) + Kf ) + 4Kf ) + ( 5)Kf
23
Kf ) + 4Kf ) +
17
5)
Kf ) = Kf ) + Kf ) + 4Kf ) + ( 5)Kf
40
Kf ) + 4Kf ) + 4( 5)
where denotes the graph obtained by attaching one pendant edge to any
vertex of
Therefore,
Kf Kf ) =
37
12
since 13.
Furthermore,
Kf 10) = Kf(( )) + Kf ) + 4Kf ) + ( 5)Kf (( ))
23
Kf ) + 4Kf ) + 5)
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Let H4 denote th co mon subgraph of G4, G6 and G7. Thus, we can view graphs G4, G6 and
G7 as the graphs depicted in Figure 6.
354 H.Wang, H.Hua and D.Wang
Therefore,
Kf ) = Kf n, t)) + 4) (1)
(iii): Let be the common subgraph of and n, t)(see Fig. 7).
n, t
Figure 7.
Denote by the graph obtained by attaching one pendant edge to any vertex
of . So,
Kf ) = kf ) + Kf ) + 3Kf ) + ( 4)Kf
Kf n, t)) = Kf ) + Kf ) + 3Kf ) + ( 4)Kf
Recall that Kf ) = 17 , and that Kf ) =
12
= 5, we thus have
Kf Kf n, t)) =
11 4 + 12
12
+ ( 4)(
32
12
Therefore, Kf ) = Kf n, t)) + 2.
By the above expressions obtained for the Kirchhoff indices of and
we immediately have the desired result.
From Theorem 2 we immediately have the following result.
Corollary 2. For a graph , not isomorphic to n, t , in Cat n, t with 13
and , it holds that Kf 17 nt , with equality if and only
if (see Fig.4).
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G4 G6 G7 G0
Figure 6
Using Lemma 1, we have
DR(G4) = DR(H4)+DR(G0)+ 10 fv3(H4)+ 2(n+ t− 6)Kfv3(G0)+ 4Dv3(H4)+ (n− 5)Dv3(G0),
DR(G6) = DR(H4) +DR(S
4
5) + 10Kfv3(H4) + 2(n+ t− 6)Kfv3(S
4
5) + 4Dv3(H4) + (n− 5)Dv3(S
4
5).
Here DR(G0) =
142
3 ,DR(S
4
5) = 43,Kfv3(G0) = 4,Kfv3(S
4
5) =
17
4 ,Dv3(G0) = 6,Dv3(S
4
5) =
15
2 .
Therefo e,
DR(G6)−DR(G4) = DR(S
4
5)−DR(G0) + 2(n+ t− 6)(Kfv3(S
4
5)−Kfv3(G0))
+ (n− 5)(Dv3(S
4
5)−Dv3(G0))
= −
13
3
+
1
2
(n+ t− 6) +
3
2
(n− 5)
= 2n+
t
2
−
89
6
> 0.
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Using Lemma 1, we have
DR(G7) = DR(H4) +DR(S
4
5) + 10Kfv3(H4) + 2(n+ t− 6)Kfv3(S
4
5) + 4Dv3(H4) + (n− 5)Dv3(S
4
5).
Here Kfv3(S
4
5) =
9
2 ,Dv3(S
4
5) = 8.
Therefore,
DR(G7)−DR(G6) =
1
2
(n+ t− 6) +
1
2
(n − 5)
= n+
1
2
t−
11
2
> 0.
Then DR(G7) > DR(G6) > DR(G4).
Similar to the relationship between DR(G5) and DR(G
0(n, t)), we have
DR(G8)−DR(G5) = DR(G5)−DR(G
0(n, t))
=
5
3
n+
t
3
−
31
3
.
DR(G8)−DR(G
0(n, t)) =
10
3
n+
2
3
t−
62
3
.
Therefore,
DR(G8)−DR(G4) =
2
3
n−
2
3
t−
26
3
.
Because of t ≤ n−12 , when n ≥ 25, DR(G8)−DR(G4) > 0.
Similar to the relationship between DR(G5) and DR(G
0(n, t)), we have
DR(G9)−DR(G4) = DR(G5)−DR(G
0(n, t)) =
5
3
n+
t
3
−
31
3
.
DR(G9)−DR(G
0(n, t)) =
13
3
n+
5
3
t−
67
3
.
Therefore,
DR(G9)−DR(G8) = n+ t−
5
3
> 0.
Then DR(G9) > DR(G8) > DR(G4).
Similar to the method of DR(G5)−DR(G
0(n, t)), we have
DR(G10)−DR(G5) = DR(C5)−DR(S
4
5) + 2(n + t− 6)(Kfv1(C5)−Kfv1(S
4
5))
+ (n− 5)(Dv1(C5)−Dv1(S
4
5))
= −3 + (n+ t− 6) + 2(n − 5)
= 3n+ t− 19 > 0.
Then DR(G10) > DR(G5) > DR(G4).
By the above several inequalities, we immediately have the desired result.
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From Theorem 5.1 we immediately have the following result.
Corollary 5.2 For a graph G, not isomorphic to G0(n, t), G5, in Cact(n, t) with n ≥ 25 and t ≥ 1,
it holds that DR(G) ≥ −
4
3t
2 + (43n−
10
3 )t+ 3n
2 − 133 n− 8, with equality if and only if G
∼= G4.
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